We present new sets of fragmentation functions for charged pions and kaons, both at leading and next-to-leading order. They are fitted to data on inclusive chargedhadron production in e + e − annihilation taken by TPC at PEP ( √ s = 29 GeV) and to similar data by ALEPH at LEP, who discriminated between events with charm, bottom, and light-flavour fragmentation in their charged-hadron sample. In contrast to our previous analysis, where we only distinguished between valence-quark, sea-quark, and gluon fragmentation, we are now able to treat all partons independently and to properly incorporate the charm and bottom thresholds. Due to the sizeable energy gap between PEP and LEP, we are sensitive to the scaling violation in the fragmentation process, which allows us to extract a value for the asymptotic scale parameter of QCD, Λ. Recent data on inclusive charged-hadron production in tagged three-jet events by OPAL and similar data for longitudinal electron polarization by ALEPH allow us to pin down the gluon fragmentation functions. Our new fragmentation functions lead to an excellent description of a multitude of other e + e − data on inclusive charged-hadron production, ranging from √ s = 5.2 GeV to LEP energy. In addition, they agree nicely with the transverse-momentum spectra of single charged hadrons measured by H1 and ZEUS in photoproduction at the ep collider HERA, which represents a nontrivial check of the factorization theorem of the QCD-improved parton model. In this comparison, we also find first evidence for the interplay between the direct-and resolved-photon mechanisms and for the existence of a gluon density inside the photon.
Introduction
The advent of precise data on inclusive hadron production at pp, ep, and e + e − colliders offers the challenging opportunity to test quantitatively the QCD-improved parton model. The inclusive cross section is expressed as a convolution of the parton density functions (PDF), the partonic cross sections, and the fragmentation functions (FF) of the quarks and gluons into the outgoing hadrons. The factorization theorem ensures that the PDF and FF are universal and that only the hard-scattering partonic cross sections change when different processes are considered. While there exist highly sophisticated sets of the PDF for the incoming protons and photons, which are needed for the analysis of inclusive particle production in pp and ep reactions, the status of the quark and gluon FF is much less advanced. The most direct way to obtain information on the FF is to analyse the energy spectrum of the hadrons into which the jets produced by e + e − annihilation fragment.
Recently, we performed such an analysis to extract FF for charged pions and kaons at leading order (LO) and next-to-leading order (NLO) in QCD [1] . These FF were generated through fits to e + e − -annihilation data taken at centre-of-mass (CM) energy √ s = 29
GeV by the TPC Collaboration at SLAC [2] . About one year ago, these were the most precise data for charged-pion and -kaon production. Our FF also led to rather satisfactory descriptions of other e + e − data on charged-particle production at lower (DORIS [3, 4] ), similar (PEP [5] ), and higher energies (PETRA [6, 7] , TRISTAN [8] , and LEP [9] ).
These new parameterizations-in particular, the NLO sets-were tested against data on single-charged-hadron production obtained by the H1 Collaboration in ep-scattering experiments at HERA [10] in Refs. [10, 11] and against similar data obtained in various pp experiments in Ref. [12] . The agreement between experimental data and theory turned out to be very satisfactory. This motivates us to further improve the FF, especially since detailed high-statistics data on charged-hadron production at LEP have become available [13, 14, 15, 16] . For our extended analysis, we shall employ very accurate data from the ALEPH Collaboration at LEP, who partly discriminated between pions and kaons [14] . In the data sample without discrimination of the hadron species, they distinguished between three cases, namely fragmentation of (i) u, d, and s quarks, (ii) b quarks only, and (iii) all five quark flavours (u, d, s, c, and b). In particular, the latter data on the fragmentation of specific quark flavours enables us to remove a theoretical assumption which we had to make in our earlier work [1] , namely that the s, c, and b (d, c, and b) quarks fragment into charged pions (kaons) in the same way. As is well known, b quarks are produced considerably more copiously at the Z resonance than at lower CM energies. Therefore, ALEPH was able to separate the fragmentation of b quarks into charged hadrons from the fragmentation of all other quarks. On the basis of these new ALEPH data on chargedhadron production, Cowan [13] has performed a similar analysis using the Altarelli-Parisi (AP) equations [17] for the Q 2 evolution and incorporating data from other experiments at lower energy. The scope of his analysis is quite different from ours. He concentrates on charged-hadron data and is chiefly interested in establishing the scaling violation so as to determine α s (M 2 Z ). Another significant difference is that he uses a rather high starting scale, Q 0 = 22 GeV, which lies well above the scale characteristic for our ep studies. Similarly to the case of the PDF, the method of choice for our purposes it to use simple parameterizations at the low threshold scales.
A problem that requires special attention is related to the gluon fragmentation into charged hadrons. Although the gluon does not couple directly to the electroweak currents, it contributes in higher orders and mixes with the quarks through the Q 2 evolution. This renders it very difficult to pin down the gluon FF by using just the energy spectrum of hadrons produced by e + e − annihilation. However, the gluon fragmentation can be probed in e + e − annihilation by exploiting tagged three-jet events or longitudinal polarization. As in our earlier work [1] , we use the information on tagged three-jet events made available by the OPAL Collaboration [15] to test our gluon FF. Recently, in Ref. [12] , it was shown that a sufficiently sizeable gluon FF into charged hadrons is essential to reach good agreement with the data of single-charged hadron production in pp processes. Since gluon production is also significant in ep collisions at HERA, we should be able to further test the strength of the gluon FF extracted from e + e − data by making comparisons with data on inclusive photoproduction of charged hadrons recently collected by the H1 [10] and ZEUS Collaborations [18] .
It is the purpose of this work to make use of the recent data by ALEPH [13, 14] in addition to the data by TPC [2] and OPAL [15] to construct new sets of LO and NLO FF without imposing identities between the FF of different flavours. (We shall still identify the FF of u and d quarks into charged pions and those of u and s quarks into charged kaons.) The new FF sets will be tested against additional e + e − data from LEP and e + e − colliders with lower CM energies. In addition, we shall study single-charged hadron production in ep collisions under HERA conditions in order to check the consistency of our FF with the new H1 [10] and ZEUS data [18] , in particular with respect to the issue of the gluon FF.
This work is organized as follows. In Section 2, we shall introduce the formalism needed to extract the FF from e + e − data on inclusive single-hadron production at NLO. In Section 3, we shall present the formulae that describe inclusive single-hadron production in ep collisions with almost real photons. Section 4 will deal with the actual analysis and the discussion of our results. In Section 5, we shall check our results against e + e − data which we did not use in our fits and against the recent H1 and ZEUS data. Our conclusions will be summarized in Section 6. As in our earlier work [1] , we shall list, in the Appendix, simple parameterizations of our FF sets. The inclusive production of a hadron h by e + e − annihilation,
is completely characterized by three observables. These are the energy fraction of the outgoing hadron x = 2E h / √ s, its angle with the beam axis θ and the total energy of the system √ s. The cross section of process (1) exhibits the angular structure
where the superscripts T and L denote the contributions due to transverse and longitudinal polarizations, respectively, and the asymmetric term, labelled A, accounts for the interference of the photon with the Z boson. Usually, experiments do not determine θ distributions. Thus we shall integrate over θ. This eliminates the asymmetric term in Eq. (2) . The partonic subprocesses may be exactly treated in perturbative QCD. However, this is not yet possible for the process of hadronization. As explained in the Introduction, the latter is described in terms of phenomenological FF, which must be extracted from experiment. In the language of the QCD-improved parton model, the x distribution of process (1) emerges from the
Here, the sum extents over all active partons (a = u, d, s, c, b, g), µ is the renormalization scale of the partonic subprocess, and M f is the so-called fragmentation scale. At NLO, M f defines the point where the divergence associated with collinear radiation off parton a is to be subtracted. Throughout this paper, we neglect finite-quark-mass effects in the matrix elements. In order to be able to compare our calculations with experimental data, we normalize the cross section to
where σ 0 = (4πα 2 /3s) is the total cross section of e + e − → µ + µ − for massless leptons, N c = 3, e q i is the electroweak charge of quark q i in units of the positron charge, and N f is the number of active flavors. In Eq. (4), we take into account the running of the fine-structure constant, α, and the enhancement of the contributions due to down-type quarks at the Z pole. Since the absolute normalization is determined experimentally only to the 4% level, we neglect corrections to σ tot in higher orders of α s .
To NLO in the MS scheme, the cross sections of the relevant subprocesses are given by
4
(y) is the LO term of the transverse a → b splitting function,
The K functions have been presented in Ref. [19] . The NLO formula of α s (µ 2 ) may be found, e.g., in Ref. [20] . The scales µ and M f are usually identified with the only intrinsic energy scale, √ s. For this choice of scales, the terms in Eq. (5) involving ln(s/M 2 f ) are suppressed, so that the NLO corrections are expressed just in terms of the K functions. At LO, only the transversely polarized photon contributes to the cross section. The longitudinal cross sections of the subprocesses are thus given by
Having defined the partonic subprocesses, we now turn to the FF. Their x distributions are not yet calculable in the framework of perturbative QCD. However, once we know them at some scale Q 2 0 , the Q 2 evolution is determined by the AP equations [17] . Our task is thus to construct a model for the x distributions at a starting scale Q
That is, we have to solve a system of integro-differential equations. This may be achieved with the help of the Mellin-transform technique [21] . The essential property of this transformation is that it renders convolutions to products. In fact, denoting the moments of P T ab and D h a by A ab and M a , respectively, we have
where A N S refers to the usual non-singlet combination of quark and antiquark splitting functions [21] , the LO expressions for A ab may be found in Refs. [21, 22] and the NLO ones in Ref. [23] , and
We do not include combinations M − i = M q i − Mq i , which are asymmetric under baryonnumber symmetry, since we do not distinguish between quarks and antiquarks. Note that the non-singlet terms, M + i , decouple from the gluon. The solutions of Eq. (9) factorize,
The relevant evolution operators, E(Q 2 1 , Q 2 2 ), have been calculated in Ref. [21] . For instance, in the non-singlet case, the NLO operator reads
where
The corresponding equation for the coupled system exhibits a similar structure and is omitted here for ease of presentation. The subtraction in Eq. (12) has the effect that, at Q 2 = Q 2 0 , the FF are equal to the ansatz also at NLO. In this respect, we differ from the approach of Ref. [1] . We evolve the FF in three steps. We start with three quark flavours at the scale Q 0 and evolve up to the charm threshold using the evolution operators E(Q . Strictly speaking, our QCD formalism is appropriate only for the strongly produced pions and kaons. However, a minor fraction of the observed events are due to pions and kaons that are produced through weak decays of primary D and B mesons. In this case, it is unclear whether the usual Q 2 evolution may be applied. In our analysis, we assumed that this may be done. A more careful study would require that the experiments discriminate strongly and weakly produced pions and kaons, which was not the case for the data used here.
Formalism for ep reactions
In this section, we shall outline the formalism pertinent to inclusive photoproduction of hadrons with ep colliders, and in particular with HERA. According to present HERA conditions, E e = 26.7 GeV electrons collide with E p = 820 GeV protons in the laboratory frame, so that √ s = 296 GeV is available in the CM frame. Among the experimentalists it has become customary to take the rapidity, y lab , of hadrons travelling in the proton direction to be positive. The CM rapidity, y CM , is related to y lab by
In photoproduction, the electron beam acts like a source of quasi-real photons, so that HERA is effectively operated as a γp collider. The appropriate events may be discriminated from deep-inelastic-scattering events by electron tagging or anti-tagging. The photon flux is well approximated by the Weizsäcker-Williams formula [24] ,
, and Q 2 max = 0.01 GeV 2 (0.02 GeV 2 ) for tagged events at H1 (ZEUS). The cross section of ep → h + X emerges from the one of γp → h + X by convolution with f γ/e (z). By kinematics, z min ≤ z ≤ 1, where
. In our analysis, we shall impose 0.3 < z < 0.7 and 0.318 < z < 0.431 to be in conformity with the H1 and ZEUS event-selection criteria, respectively.
It is well known that γp → h + X proceeds via two distinct mechanisms. The photon can interact either directly with the partons originating from the proton (direct photoproduction) or via its quark and gluon content (resolved photoproduction). Both contributions are formally of the same order in the perturbative expansion. Leaving aside the proton PDF, G 2 ) ∝ α/α s , with Λ being the asymptotic scale parameter of QCD. Here, a, b, c, d denote quarks and gluons. In fact, the two mechanisms also compete with each other numerically. Resolved photoproduction dominates at small p T and positive y lab , while direct photoproduction wins out at large p T and negative y lab .
The LO calculation suffers from significant theoretical uncertainties connected with the freedom in the choice of the renormalization scale, µ, of α s (µ 2 ) and the factorization scales, M γ , M p , M h .
1 In order to obtain reliable predictions, it is indispensable to proceed to NLO. We shall first consider resolved photoproduction, which is more involved. Starting out from the well-known LO cross section of γp → h + X, one needs to include the NLO corrections, K ab→c , to the hard-scattering cross sections, to substitute the two-loop formula for α s , and to endow G 
where dσ 0 ab→c /dv are the LO hard-scattering cross sections, v = 1 +t/ŝ, and
being the Mandelstam variables at the parton level. The parton momenta are related to the photon, proton, and hadron momenta by p a = x γ p γ , p b = x p p p , and p c = p h /x h . The indices a, b, c run over the gluon and N f flavours of quarks and antiquarks. In this paper, we shall take N f = 5. The K ab→c functions may be found in Ref. [25] for M γ = M p . This restriction was relaxed in Ref. [26] .
The NLO cross section of direct photoproduction emerges from Eq. (15) by substituting G γ a (x γ , M 2 γ ) = δ(1 − x γ ), replacing dσ ab→c /dv and K ab→c by dσ γb→c /dv and K γb→c , respectively, and omitting the sum over a. The K γb→c functions were first derived in Ref. [27] setting M γ = M p = M h and taking the spin-average for incoming photons and gluons to be 1/2. In Ref. [26] , the scales were disentangled and the spin-average convention was converted to the MS scheme, i.e., to be 1/(n−2), with n being the dimensionality of space-time. Analytic expressions for the K γb→c functions are listed in Ref. [28] . Quantitative studies of inclusive photoproduction of hadrons at HERA via the direct-and resolved-photon mechanisms in NLO may be found in Refs. [26, 28, 29] .
Results
In general, data of inclusive hadron production at e + e − colliders are most suitable for the extraction of the FF; in the case of fixed-target, collider, and ep data, the information on the FF is obscured by theoretical uncertainties arising from the PDF and the choice of factorization scales connected with the initial state. For our analysis, we select the data on charged-pion and -kaon production taken at energy √ s = 29 GeV by the TCP Collaboration at SLAC [2] and those collected at √ s = M Z by the ALEPH Collaboration at LEP [14] . In order to constrain the FF of the different quark flavours, we employ the ALEPH data [13] on charged-hadron production for the three cases: (1) sum over all quark flavours (u, d, s, c, b); (2) sum over u, d, s quarks; and (3) b quark. These data combine small statistical errors with fine binning in x and are thus more constraining than data collected by other e + e − experiments in the energy range from 5.2 to 55 GeV. For this reason, our approach is to fit exclusively to TPC and ALEPH data and to use the other data for cross checks. To control the gluon FF, we exploit, as in our previous work [1] , the information on the tagged three-jet events by OPAL [15] presented by Nason and Webber [15] , who applied small corrections to the original data. However, these data comprise just five points and are not very constraining. For the fitting procedure, we use the x bins in the interval between x min = max(0.1, 2 GeV/ √ s) and 0.8 and integrate the theoretical functions over the bin widths as in the experimental data. The restriction at small x is necessary to exclude events in the non-perturbative region, where mass effects are important and our formalism is bound to fail. We parameterize the x dependence of the FF at
In contrast to our previous work [1] , we now only impose the conditions D
. For all the other FF, including those of the gluon, we keep N, α, and β as independent fit parameters. This means that, together with Λ, which we also keep as a free parameter, we have a total of 31 independent fit parameters.
The quality of the fit is measured in terms of the average χ , we search this 31-dimensional parameter space for the point at which the deviation of the theoretical prediction from the data becomes minimal. When we fit to charged-hadron data, we must include the contribution due to protons and antiprotons. To this end, we introduce a function, f (x), which parameterizes the ratio of the cross sections of p +p and π + + π − production as measured by ALEPH [14] ,
Thus, the charged-particle production cross section is given by
To test the perturbative stability, we perform fits in LO and NLO, although we are primarily interested in the NLO results. Our results are listed below. For the average of charged pions, we obtain
3.00 (19) in LO and
2.61 (20) in NLO. In the case of kaons, we find 
in NLO. Here, it is understood that the Q Table I .
For the reader's convenience, we list simple parameterizations of the x and Q 2 dependences of these sets in the Appendix. We believe that such parameterizations are indispensable for practical purposes, especially at NLO. However, we should caution the reader that these parameterizations describe the evolution of the FF only approximately. Deviations in excess of 10% may occur for x < 0.1, in particular for the gluon. While this kind of accuracy is fully satisfactory for most applications, it is insufficient for the comparison with the high-statistics data collected at LEP. We wish to point out that all χ 2 d.o.f. values presented in this paper have been computed with the full AP-evolved results, which have an estimated relative error of less than 0.4%.
Our FF exhibit good perturbative stability. In general, there is only little difference between our LO and NLO sets. The only appreciable difference occurs for D K g . Since we included in our fit high-quality data from two very different energies, namely 29 and 91.2 GeV, we are sensitive to the running of α s and are, therefore, able to extract a value of Λ ( 
5) MS
, appropriate to five active quark flavours. We find Λ [31] . We find that the error on Λ ( 
due to faked scaling effects in connection with the distinct flavour composition at the Z resonance is of the order of 20 MeV. We are quite insensitive to other sources of uncertainties in Λ, such as the one related to the relative normalization of the data.
In this context, we also wish to mention nonperturbative power corrections to the fragmentation process. We assume throughout that such corrections are small and need not be considered when analyzing the presently available data. The good agreement between our results and the various measurements nicely supports this assumption. However, it cannot yet be excluded theoretically that corrections to inclusive timelike processes (such as e + e − annihilation) might be of order 1/Q, which would correspond to a sizeable uncertainty in Λ ( 
. Since we have built in the cc and bb thresholds, we have three different starting scales Q 0 . To illustrate the relative size of the FF, we have plotted them in Fig. 1a-d as functions of x for Q = 10 GeV. We observe that, in the case of the pion sets, the b-quark distribution is rather soft, whereas the u-quark distribution is quite hard.
The goodness of our fits to the TPC [2] and ALEPH data [14] on charged-pion and -kaon production may be judged from Figs. 2 and 3. The fit to the charged-hadron data by ALEPH is seen in Fig. 4 , where we show the contributions due to (1) u, d, s, (2) b, and (3) all flavours. We also compare the contribution due to gluon fragmentation into charged hadrons with the data obtained in the three-jet analysis by OPAL [15] . The full (dotted) curves correspond to our NLO (LO) analysis. In the case of pion and chargedhadron production, our fits describe the data quite well, even for x < x min . Specifically, we find χ Leaving out the gluon data, we obtain 1.06 (1.14). As may be seen from Table I , the five gluon data points contribute an extraordinarily high value of χ 2 d.o.f. . This concludes the description of our fit procedure and the quality of the fit to the data used. In the next section, we shall first study to what extend our FF also account for other data, both below and at the Z resonance, including the longitudinal cross section at the Z peak, which has recently been measured [13] . In addition, we shall confront our prediction for charged-particle production in ep scattering at HERA with the data by H1 [10] and ZEUS [18] .
Applications
In order to gain confidence in the validity of our new FF sets, we shall now test them against data which were not used in our fits. Specifically, we shall consider data on charged-pion and -kaon production taken by the DASP [3] and ARGUS Collaborations [4] at DORIS and the TASSO Collaboration [7] at PETRA. Furthermore, we shall make comparisons with charged-hadron data collected by MARK II [5] at PEP, CELLO [6] at PETRA, AMY [8] at TRISTAN, and DELPHI [9] at LEP. In the latter case, we shall assume that the percentage of the produced protons and antiprotons relative to the charged pions may be approximated for all energies by the function f (x) given in Eq. (17), so that Eq. (18) is valid. For each of these data samples, we list in Table I the CM energy, the number of data points with x min < x < 0.8, and the resulting χ values are comparable with those we obtained for the TPC [2] and ALEPH [13, 14] data, to which we actually fitted. This serves as a nontrivial consistency check for our procedure and tells us that a global fit to all data would not further improve the goodness of our FF. The NLO and LO values of χ 2 d.o.f. are very similar, with a slight preference for our NLO set. The good agreement with the DASP [3] , ARGUS [4] , and TASSO [7] data of charged-pion and -kaon production is also demonstrated in Figs. 2 and  3 , respectively. The ARGUS data are also very well described for x < x cut . In Fig. 4 , we present the comparisons of our theoretical results with the MARK II [5] , CELLO [6] , and AMY [8] measurements of charged-hadron production. We see from Figs. 2-4 that the LO and NLO calculations agree very well at √ s = 91.2 GeV, whereas they tend to deviate at smaller energies, the discrepancy being up to 30% at √ s = 5.20 GeV and medium x.
Another method to extract information on the gluon FF is to analyze the longitudinal cross section dσ L /dx defined in Eq. (2) . Similarly the total cross section dσ/dx = dσ T /dx+ dσ L /dx defined in Eq. (3), which we have considered so far, dσ L /dx may be represented as a convolution of the FF with the longitudinal cross sections of the individual subprocesses given in Eq. (7),
. (23) Since Eq. (23) is only given to LO in α s , the α s value here is not expected to be the same as the one in the NLO relations (3)-(6). Thus, from measurements of dσ L /dx and dσ T /dx, the gluon FF can only be extracted to LO. ALEPH [13] and OPAL [32] have recently presented preliminary data on dσ L /dx. In Fig. 5 , we evaluate Eq. (23) with our NLO FF and two-loop α s and compare the result with the ALEPH data [13] . The result obtained (full curve) falls short of the data by a factor of two. At this point, we have to keep in mind that Eq. (23) is a LO prediction, and one should be prepared to allow for a K factor, which is typically larger than one. This K factor may be simulated by changing the renormalization and factorization scales. Assuming a scale of 20 GeV, we are able to nicely describe the data. This comparison provides us with some useful check on the gluon FF at low x. A similar scale change was considered by Webber in connection with Monte Carlo studies of this observable [32] .
In Fig. 4 , we compared our analysis with the experimental results on gluon fragmentation into hadrons obtained by OPAL [15] through their three-jet analysis with the corrections of Nason and Webber [15] applied. A more direct comparison with the original OPAL data is feasible. For this purpose, we calculate the ratio of the inclusive scaled energy distribution for gluon-tagged and normal-mixture events, R g.tag/n.mix , as a function of x. This quantity is represented in our analysis by
where h stands for the sum over the charged hadrons and the quantity in the denominator is defined in Eq. (3). The result of this comparison is presented for LO (dashed line) and NLO (solid line) in Fig. 6 . We see that our model gives a good account of R g.tag/n.mix for medium and large x. The factorization theorem guarantees that the FF characterize the hadronization phenomena in a process-independent way, i.e., the FF that have been extracted from e + e − data may also be used to make predictions for other types of experiments, e.g., at γγ, ep, and hadron colliders, fixed-target facilities, etc. In the following, we shall make NLO predictions for inclusive photoproduction of charged hadrons at HERA and confront them with recent high-statistics data taken by H1 [10] and ZEUS [18] . We shall focus attention on the p T spectrum of the produced hadrons, averaged over a certain y lab interval. We shall work at NLO in the MS scheme with N f = 5 quark flavours, set µ = M γ = M p = M h = ξp T , and adopt the photon and proton PDF from Refs. [33] and [34] , respectively, along with our FF for charged pions and kaons. Unless stated otherwise, we shall choose ξ = 1. We shall evaluate α s with Λ (5) MS = 158 MeV [34] . As we have seen in Sect. 3, H1 and ZEUS apply different criteria to select the photoproduction events, which may be simulated by appropriate choices of the photon-energy cuts and the Q 2 max value in Eq. (14) . Another difference is that the y lab range presently covered by the H1 detector is −1.5 ≤ y lab ≤ 1.5, while the ZEUS detector covers −1.2 ≤ y lab ≤ 1.4.
In Figs. 7 and 8 , we confront the H1 and ZEUS data, respectively, with the corresponding NLO calculations performed with our new FF sets for charged pions and kaons. The agreement is almost perfect for p T ∼ <4 GeV. For higher values of p T , the central values of the measurements tend to depart from our predictions in both directions, but, at the same time, the experimental errors become larger. We shall have to await more statistics in the high-p T range until we can reach final conclusions concerning the agreement of experiment and theory. So far, H1 and ZEUS have not detected separately charged pions and kaons. We would like to take this opportunity and encourage these collaborations to tackle such a separation, since this would allow us to test the factorization theorem of QCD in greater detail. In Fig. 9 , we repeat the analyses of Figs. 7 and 8 for the average of the positively-and negatively-charged kaons (dashed lines) and compare the outcome with the full results for H1 and ZEUS shown in Figs. 7 and 8, respectively (solid lines). We see that, in the case of H1 (ZEUS), the ratio of charged kaons to charged pions ranges between 53% and 70% (54% and 71%) for p T between 1.5 GeV and 15 GeV. Having gained a solid amount of confidence in the validity of our FF, we may ask the question whether the H1 and ZEUS data already show evidence for the coexistence of the direct-and resolved-photon mechanisms. Toward this end, we compare in Fig. 10 the full calculations of Figs. 7 and 8 with the respective direct-photon contributions. The directphoton contribution exhibits a discontinuity at p T ≈ 3 GeV. This is due to the onset of the charm FF in connection with the γg → cc subprocess, which is not suppressed. In the case of H1 (ZEUS), the direct-photon contribution amounts to between 8% and 48% (9% and 52%) of the total result for p T between 1.5 GeV and 15 GeV. Also here, we need more statistics at high p T before we can claim to have detected the direct-photon mechanism in the inclusive photoproduction of hadrons at HERA. Of course, a precise experimental determination of the rapidity distribution for perturbatively high values of p T would serve as a more direct approach to resolve this issue. The H1 Collaboration has already undertaken a first step in that direction [10] . Another interesting issue is whether the gluon content of the resolved photon has been established by the data. In the case of H1 (ZEUS), it makes up between 67% and 10% (66% and 7%) of the resolved contribution and between 61% and 5% (61% and 3%) of the total one for p T between 1.5 GeV and 15 GeV. Thus, it seems that, in the absence of the gluon density inside the photon, the theoretical prediction would significantly fall short of the data at low p T . Again, the shape of the measured rapidity spectrum would serve as an additional discriminator.
Finally, we investigate if our FF satisfy the momentum sum rules. Guided by the idea that a given outgoing parton, a, will fragment with 100% likelihood into some hadron, h, and that momentum is conserved during the fragmentation process, we expect that
holds for any value of Q 2 . In our analysis, the left-hand-side of Eq. (25) should be smaller than unity, since we consider only pions, kaons, protons, and antiprotons, which does not exhaust the spectrum of all possible hadrons. We approximate the contributions due to neutral pions, neutral kaons, and protons/antiprotons by
respectively, where f (x) was introduced in Eq. (17) . Equation (27) is in good agreement with data at various energies [4, 35] , while Eq. (26) follows on from SU(2) symmetry. We take the lower limit of integration in Eq. (25) to be 0.02. This is presumably too small for the low energies √ s = 2, 4, 10 GeV, which might explain why the sum-rule values are in some cases larger than one at these energies, in particular for our LO fit. In Table II , we list the results obtained with our LO and NLO FF for Q = √ 2, 5, 10, 91, and 200 GeV. The accuracy of our results is limited due to the uncertainty in the assumptions (26)- (28), and we estimate the error to be of the order of 10%. 
Summary and Conclusions
We presented new sets of FF for charged pions and kaons, both at LO and NLO. They were fitted to data on inclusive charged-pion and -kaon production in e + e − annihilation taken by TPC [2] at PEP ( √ s = 29 GeV) and by ALEPH [13, 14] at LEP. In their charged-hadron sample [13] , ALEPH discriminated between events with charm, bottom, and light-flavour fragmentation. This enabled us to treat all partons independently and to properly incorporate the charm and bottom thresholds. We just imposed the conditions D
, which are quite natural, since we treated the u, d, and s quarks as massless, so that they equally participate in the strong interaction. This constitutes a considerable improvement of our previous analysis [1] based just on the TPC data, where we could only distinguish between valence-quark, sea-quark, and gluon fragmentation and neglected the heavy-flavour thresholds. In order to control the gluon FF, we exploited recent data on inclusive charged-hadron production in tagged three-jet events by OPAL [15] and similar data for longitudinal electron polarization by ALEPH [13] . Due to the sizeable energy gap between PEP and LEP, we were also sensitive to the scaling violation in the fragmentation process. This allowed us to extract a value for Λ ( 
5) MS
. We found Λ [31] .
Although our FF were only fitted to the TPC [2] and ALEPH data [13, 14] , it turned out that they lead to an excellent description of a wealth of other e + e − data on inclusive charged-hadron production, ranging from √ s = 5.2 GeV to LEP energy [3, 4, 5, 6, 7, 8, 9] . In fact, we always obtained χ .o.f. ≈ 9, occurred in the longitudinal cross section [13] , which is of O(α s ) and suffers from a considerable scale ambiguity.
In order to test quantitatively the factorization theorem of fragmentation in the QCDimproved parton model at the quantum level, we made NLO predictions for the p T spectrum of charged hadrons produced inclusively in the scattering of quasi-real photons on protons under HERA conditions, and confronted them with new high-statistics data by H1 [10] and ZEUS [18] . Also here, the outcome of the comparison was very encouraging, especially in the lower p T range, where the experimental errors are smallest. We found first evidence for the interplay between the direct-and resolved-photon mechanisms in the inclusive photoproduction of hadrons. Our comparisons also support the notion that, during a fraction of time, the photon can interact with the partons inside the proton like a gluon.
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A Parameterizations
For the reader's convenience, we shall present here simple parameterizations of the x and Q 2 dependence of our FF. 2 As usual, we introduce the scaling variablē
For Λ we use the MS value appropriate to N f = 5 flavours, since the parameterization would not benefit from the incorporation of discontinuities ins. Λ 
This leads to three different definitions ofs. For definiteness, we use the symbols c for charm ands b for bottom along withs for the residual partons. We parameterize our FF by simple functions in x with coefficients which we write as polynomials ins,s c , ands b . We find that the template
is sufficiently flexible, except for D , where we include an additional factor (1 + γ/x) on the right-hand side of Eq. (31) . Fors =s c =s b = 0, the parameterizations agree with the respective ansätze in Eqs. (19) - (22) . The charm and bottom parameterizations must be put to zero by hand fors c < 0 ands b < 0, respectively. 2 A FORTRAN subroutine that returns the FF for given x and Q 2 may be obtained from the authors via e-mail (binnewie@ips107.desy.de, kniehl@vms.mppmu.mpg.de).
We list below the parameters to be inserted in Eq. (31) [6] , 55.2 [8] , and 91.2 GeV [13, 15] . Upper curves correspond to lower energies. The downmost four curves all refer to LEP energy. The second and third of them correspond to the contributions due to the u, d, s quarks and the b quark [13] , respectively. The fourth spectrum shows the x dependence of the gluon FF as measured by OPAL [15] . The theoretical calculations are compared with the respective experimental data. The p T spectrum of inclusive charged-hadron production as measured by ZEUS [18] is compared with the NLO calculation in the MS scheme with N f = 5 flavours using the photon and proton PDF of Refs. [33] and [34] , respectively. The dashed/solid/dotted curves correspond to the choices ξ = 0.5/1/2. 
